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The 1950s and 1960s saw a surge of activity tamefoathematics education in
the schools, usually known as the New Math. Atdtwme time there was considerable
interest in recreational mathematics: games, pazaid other “fun” activities. | believe
that the two phenomena shed light on each othdriraparticular that looking at
recreational mathematics illuminates tensions enNlew Math era between promoting
mathematics as a pleasurable human endeavor ahohgutsfor its instrumental value.
In this regard | have found it especially enlighitgnto look at a set of games created by
a Yale University law professor, marketed undentigy Yalie name of WFF N’
PROOF.

As you will see, this talk is also in many waysexcavation of my own

adolescent encounter with mathematics.

| need first to put the WFF N’ PROOF games in eantfor like the New Math

educational reforms, the recreational math of ®&d&nhd 60s cannot be well understood
without going back further in time. | also thinkistuseful to place recreational
mathematics within the larger universe of “popuation” of mathematics. In 1948,
Daniel Lloyd, a high school teacher writing in fbernalMathematics Teachedeclared
the previous ten years “a golden decade of popnéthematics® And looking back

more than 60 years later this is not an outlandssessment, as the next slide shows.

! Daniel B. Lloyd, “A Golden Decade of Popular Matfegtics,”Mathematics Teachetl (May 1948):
210-217.



Math Pop (1937-1947):.
“A Golden Decade,” says Daniel Lloyd

E. T. Bell, Men of Mathematics (1937)

L. Hogben, Mathematics for the Million (1937)

T. Dantzig, Number: the Language of Science (3" ed., 1939)

E. Kasner & J. Newman, Mathematics and the Imagination (1940)

W. W. Rouse Ball, Mathematical Recreations and Essays (11" ed.,
revised by H. S. M. Coxeter, 1940)

G. H. Hardy, A Mathematician’s Apology (1940)

R. Courant & H. Robbins, What is Mathematics? (1941)
H. & L. Lieber, The Education of T. C. MITS (1942)

M. Kraitchik, Mathematical Recreations (1942)

G. Polya, How to Solve It (1945)

J. Hadamard, The Psychology of Invention in the Mathematical Field
(1945)

. ? Mo)tt—Smith, Mathematical Puzzles for Beginners and Enthusiasts
1946

R. W. Anderson, Romping through Mathematics (1947)

This is just a small excerpt from the bibliograghigyd published at that time. You will
see some well-known titles and authors here. Awohixistory and biography (E. T.
Bell), pedagogy (Polya), psychology (Hadamard) egahattempts to bring mathematical
knowledge to the masses at a variety of levelggof (Courant and Robbins at the high
end) and explicit recreations: puzzles and gamdssaron. And | think that with only
one gap this mix pretty well represents populaibradbf mathematics for most of the™®0
century. The gap is philosophy and logic, whichraseso evident from this list. Itis
also interesting to note that this list of bookblmhed in the US is in fact dominated by
European educated authors (Bell, Hogben, DantagsR Ball, Hardy, Courant,
Kraitchik, Polya, Hadamard).

Now although popularization of mathematics hasnamy occasions been looked
down upon by REAL mathematicians, it should be ddékat among the popularizers on

this slide there are quite a few PhD mathematiciand indeed there are several who



were quite distinguished: Hadamard would make nsdnoyt lists of great
mathematicians, and Hardy, Coxeter, Polya and @bware also very substantial. But
when we come to the 1950s, the contribution ofgesibnal mathematicians to
popularization was not so direct, at least in timitédl States. Three of the most
important figures, James Newman, Martin Gardned, @ifton Fadiman, were primarily
journalists, not mathematicians. None of them hddgree in mathematics, not even a
bachelors degree. They were mathematical amateting itruest sense, although all three
had significant connections with professional matagcians.

James Newman began his math popularizing care¥4, as can be noted on
this slide, as the co-author dlathematics and the Imaginatiovith Edward Kasner.
Now Kasner was an indubitable PhD mathematician tabght for many years at
Columbia. He was a prolific but minor research reathtician himself, mainly in
differential geometry, but he mentored several a@ttstudents of the first rank, most
notably Jesse Douglas, who earned a Fields Medaisavork on Plateau’s problem.
Many of you are | am sure aware of Kasner’s rolthaintroducing the word “googol.”

Mathematics and the Imaginatiama potpourri of mathematical topics treated
with a light touch: infinite sets, imaginary numbgpi, e, non-Euclidean geometry,
higher dimensional geometry, rubber-sheet geomptopability, the basic concepts of
the calculus. One chapter titled “Pastimes of Past and PréEemgs” was devoted to
recreational mathematics, including the game of NiMgic squares, and the Tower of

Hanoi, all long-time staples of the recreationirhture.

2 See Jesse Douglas, “Edward Kasner, 1878-195mgdphical Memoir.” National Academy of
Sciences, 1958.

% Edward Kasner and James Newmdathematics and the ImaginatigNew York: Simon and Schuster,
1940).



Newman, who had taken mathematics classes withdfag Columbia, was
stimulated by the successMathematics and the Imaginatiém embark on a major
anthology project, which took him 15 years to costg| competing for his time with his
responsibilities as a high ranking lawyer in theéeie@al government and later as an editor
at theNew Republienagazine. The anthology was titlfede World of Mathematicand

it finally appeared in 1956.

AMES R. NEWMAN

TS

This massive work of 2500 pages is in a senseraigation of all the popularizing
efforts of the 1930s and 1940s; it includes exeeimmm most of the books listed on the
previous slide and it sold an astounding 150,0G0es5

Another notable anthologizantasia Mathematicavas published in 1958, edited

by Clifton Fadimarf.

* James Newman, ed:he World of Mathematiq@New York, Simon and Schuster, 1956).
®“James R. Newman, 58, Dies; Mathematician, Editdfashington PostMay 29, 1956).
® Clifton FadimanFantasia MathematicéNew York: Simon and Schuster, 1958).



Fadiman, like Newman, had taken math classes wankr at Columbia, and developed
a love and appreciation for the subject, but masldéiving as a middle brow essayist and
journalist. He was a mainstay of the Book of thenhoClub, for example. Fadiman had
less actual knowledge of mathematics than Newnrahtlas is reflected in his
anthology, which is shorter and more focused thawian’s anthology on literary
responses to math, such as short fiction and paatywith much less actual
mathematical content. Fadiman followed up withguet of much the same flavdhe
Mathematical Magpién 1962, dedicated to Kasner's memory.

Now Newman’sWorld of Mathematicanthology included a 100 page section on
“Amusements, Puzzles, and Fancies,” but the calusszieational mathematics in
particular, as distinguished from the broader papolathematics, was even more
substantially advanced in that same year of 195&wiartin Gardner published an

article on “hexaflexagons” iBcientific Americarmagazine.

" Clifton Fadiman;The Mathematical MagpiéNew York: Simon and Schuster, 1962).



Hexaflexagons, from the author’s
personal collection (ca. 1965)

The editor ofScientific Americanvas so impressed by the response to this aréinkk,
also with the concurrent success of Newmakteld of Mathematicanthology, that he
offered Gardner a regular monthly column on “Mathé&nal Games,” which Gardner
continued for 25 yeafsln 1959 Gardner published a collection of his cuhs, with

additional material, the first of many such coliens’

8 On Garder's career see Donald J. Albers and @ldxanderson, edsMathematical PeopléBoston:
Birkhauser, 1985), 93-108.

® Martin GardnerThe Scientific American Book of Mathematical Piez&ldiversions(New York: Simon
and Schuster, 1959).




As you can see from the slide, this first collectiocludes such topics as the Tower of
Hanoi, ticktacktoe, mobius strips, and the gamMiai. From the first, Gardner’s
Scientific Americarrolumns attracted appreciative attention from gssional
mathematicians, who were generous with feedingrhaterial. John Conway is well
known as an important Gardner informant.

(I should note, by the way, that as of this wgt@ardner is still alive, at the age
of 95.) Like Newman and Fadiman, Gardner is essgna journalist, but even more
than those two has displayed remarkable intellécagdity and broad knowledge. He
was much interested in mathematics as an adolednérthe liberal arts education he got
at the University of Chicago, where he got a bamisedlegree in philosophy in the Robert
Hutchins era, made him a humanistic appreciatonathematics rather than a deep
specialist in the subject. Gardner in his MathigeahGames columns and his other
writings, including occasional ventures into fictjmften makes witty and erudite literary
and philosophical references and displays broadir@llknowledge across the

intellectual landscape. Consider the followingsepie®

O First see lines 215-216 of “Pale Fire,” by J&hancis Shade, in Vladimir Nabokdvale Firein Novels
1955-1962ANew York: Library of America, 1996; originally plished 1962), 463. Then see Martin
Gardner,The Ambidextrous Univergdlew York: Basics Books, 1964), 168, 177. Laste Nabokov,
Ada, or Ardorin Novels 1969-197fNew York: Library of America, 1996, originally plished 1969), 433,
809). | don't know if the error in the page numbied by Nabokov is deliberate or a typo.



Gardner-Nabokov exchange

» 1962: Vladimir Nabokov, the great Russian-
American novelist, creates fictional poet, John
Francis Shade, in the novel Pale Fire

e 1964: Gardner, inThe Ambidextrous Universe,
guotes Shade, without mention of Nabokov

* 1969: In the novel Ada Nabokov writes: “Space is
a swarming in the eyes, and Time a singing in the
ears,” says John Shade, a modern poet, as quoted
by an invented philosopher (“Martin Gardiner”)
in The Ambidextrous Universgpage 165.

When we now turn to the WFF ‘N PROOF games we @aselves in quite a
different world. They were the creation of LayntamAllen, a young Yale University
law professor who received his law degree fromstmae university in 195%7. (Allen,
born in 1927, is also still alive and vigorous, arsgpoke with him on the phone last
week.) Allen has reported that the genesis of #maap goes back to 1956, when as a
Yale law student he took courses in symbolic lagithe Yale philosophy department
with Frederic Fitch and Alan Ross Anderson. Inltdte 1950s Allen began to publish
scholarly articles on how symbolic logic could =ed in the law? For example, in
1957 he published in théale law journalan article titled “Symbolic logic: A Razor-
edged tool for drafting and interpreting legal doeunts.” [vol. 66 (1957), pp. 833-879]

In this and other articles Allen enthusiasticaltippted the “method of subordinate

! References on Layman Allen: Layman E. Allen, “Tosvautotelic learning of mathematical logic,”
Mathematics Teachetss (Jan. 1963): 8-21; Rachel Ehrenberg, “He’'s i@ty Logical,” Michigan Today
(Spring 2002); Layman E. AlleM/FF ‘N PROOF: The Game of Modern Log@i®65), iii-v, 1-5. The last
reference is the manual that came with the WFFROBF games.

12 See series of reviews dournal of Symbolic Logi29 (1964): 43-48.



proofs” pioneered by Fitch and the parenthesesdppeoach to the propositional
calculus promoted by Anderson and originally depebtbby the Polish logician Jan

ukasiewicz.

Parentheses-free notation for
propositional logic of Jan
ukasiewicz (1878-1956)

* If p, q, and r are propositions then

* Kpqg means both p and q

* Apq means either p or q or both
* Cpg meansifpthenq

* Epq means p if and only if q

* Np means itis false that p

* por(gandr) can be written as ApKqr
* (porq)andr can be written as KApqgr

This notation would prove to be central to Allegames. In 1960 he led a team at the
Yale Law School on the ALL Project: Accelerated treag of Logic. They received a
grant from the Carnegie Corporation of New York d@velop materials for teaching
mathematical logic to elementary school studen@uit of this came WFF ‘N PROOF.
Players of WFF ‘N PROOF first learn how to buileelM~ormed Formulas or
WFFs, using the logical connectives. The simpjeshes consist of players rolling a set
of dice-like cubes, with symbols from the ukasieai version of the propositional
calculus on the sides, and then attempting to feahd WFFs from the resulting letters.

Thus we have games titled “Shake a WFF” and “CaWMFF.”



After players have become familiar with WFF format Allen introduces rules

of inference.
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Rules of Inference

Conjunction-out: from the truth of Kpg we
can infer the truth of p and the truth of g

Conjunction-in: from the truth of p and the
truth of g we can infer the truth of Kpq

Implication-out: from the truth of p and the
truth of Cpg we can infer the truth of g

o Etc.

Later games then focus on proving propositionsgugiese inference rules. Players roll
a set of cubes out on a playing surface. The olgdotcreate a WFF that can be proven
from the remaining symbols on the playing surfarsgng the rules of inference. There
are 21 games in all, ordered by level of complexityh later games incorporating more
and more rules of inference.

Are you itching to play? Now | don’t wish to sugg¢hat Layman Allen’s
presentation of his games was without elementshainay. The title of the game is of
course a cute little play on the Whiffenpoof sofi¢yale lore. But we are definitely in a
much more narrowly technical realm than with Mafardner. And while Allen touted
the entertainment value of his games, it is cleat he was trying to promote a very
specific set of skills. Here is what he says inittieoduction to the WFF ‘N PROOF

manual:
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The primary aim of WFF ‘N PROOF is to encourage\afable attitude
towards symbol-manipulation activities in genegald, incidentally to
teach something about mathematical logic and peoprdctice in abstract
thinking. [page 1]
Allen claimed that players of WFF ‘N PROOF wouldbme better logical thinkers, and

that in particular they would be better able tolyreaproblems like that on the next slide:

The Tardy Bus Problem

Premise (1): If Bill takes the bus, then Bill misses
his appointment, if the bus is late.

Premise (2): Bill shouldn’t go home, if (a) Bill
misses his appointment, and (b) Bill feels
downcast.

Premise (3): If Bill doesn’t get the job, then (a) Bill
feels downcast, and (b) Bill should go home.

Question (1): Is it valid to conclude that if Bill takes
the bus, then Bill does get the job, if the bus is
late?

Paul Rosenbloom, a research mathematician anceddéw Math curriculum
reformer of the 1960s, was appreciative of WFF RIJOF, but said the following: “The
mathematical content which a person would learmftlese games is simple and rather
narrow in scope’®

But unlike Gardner, Newman, and even Fadiman,mAtlever established much

rapport with mainstream research mathematiciarssathdemic mentors were in

13p. C. Rosenbloom, review &/FF ‘N PROOF, The Game of Modern Lagiy Laymen E. Allen,
Mathematics Teachd&s7 (May 1964): 346.
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philosophy and sociology rather than in mathemabics did Allen have any special
interest in physics, which Gardner and Newman thatethe preeminent field of
mathematical application, and whose foundationaktjans they considered as near kin
to mathematics, and producing many of the sameptea. Instead, Allen’s preeminent
field of application was the law. Allen told mestaveek that his greatest regret was that,
after over 50 years of trying, the legal profesdigrand large remains oblivious that

logic got mathematized in the'2@entury.

Now Newman and Gardner were certainly interestddgic, and Gardner would
occasionally challenge h&cientific Americameaders with logical puzzles not unlike the
Tardy Bus Problem. But what especially attracted/idan and Gardner to logic were the
mind-bending aspects which opened up new vistasathematics, such as Godel’s
incompleteness theorems. Allen, in contrast foduserowly on the skill of correct
logical inference.

Martin Gardner throughout his career has expressetelief that recreational
math is a valuable means of getting kids interesteéde subject. This is a rather vague
claim, not easily amenable to testing. And Gardvasr never taken an active role in the
schools, even at the height of the New Math. Laywllen, in contrast, elected to inject
his games directly into post-Sputnik anxiety abdoierican educational inferiority in the
early 1960s, by explicitly promoting these gamea aseans of boosting student
performance. Allen early on became interestedstirig regimes to evaluate the effects
of his games. For example, he tested studentsyabilsolve the Tardy Bus Problem,
before and after learning the WFF ‘N PROOF gamed hee also used IQ tests for before

and after testing, as we see in this ad.
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And where was this ad placed?3nientific American magazinamong other places,

adjacent to Martin Gardner’s “Mathematical Gamedumn.

Scientific American (Oct. 1965)
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Allen told me that though he read and enjoyed Gardiscientific Americarcolumn, the
two men never had any personal contact of any kind.

But in promoting WFF ‘N PROOF Allen in effect pigggcked not only onto
Martin Gardner but also onto pedagogical ideaswleae proving popular in many New
Math curriculum projects. For example, an emphasi®gic had already been pioneered
by the University of lllinois Committee on Schooklematics and by Patrick Suppes at
Stanford, who Allen knew and worked with brieflfhe WFF ‘N PROOF manual also
emphasizes “learning by doing and a maximum ofdistfovery by the learner,” (p.1), a
slogan much in line with the lllinois project, angpothers. And Allen claims to have
written the manual so that “the learning proceadfie programmed manner advocated
by Professor B. F. Skinner of Harvard.” Programraaning was another much touted
feature of some New Math programs.

WFF ‘N PROOF continues to be marketed to the mteday, but Allen informed
me that the last profitable year was 1967. My usi@deding of its impact, and that of
other games developed by Allen and his collabosaisrvery incomplete. Allen remains
an enthusiast for his games. Speaking for myselheaage of about 13 | was initially
fascinated by Allen’s introduction to propositiohadjic, and especially the neat trick of
avoiding parentheses, but | quickly grew bored hih games themselves. Symbol
manipulation is a worthy skill, but only takes ysmifar. The narrowness of the material
can make measurement of effects appear seducteesible, but what do such
measurements prove? On the other hand Martin @dsdmumanistic approach to

mathematical recreation, although very appealingetple like myself, largely resists
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assessment of its effects. Similar tensions héflieted curriculum programs since the

New Math. They have yet to be resolved and desmidé@ional research.
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