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Abstract

We argue that published histories relating to the teching and
learning of mathematics in the North American colomes, and
during the first 75 years of the United States of Aerica, have
over-emphasized the role of printed textbooks. We rpvide
evidence from numerous contemporary sources that prted texts
were less used and, from a mathematics teaching ardarning

perspective, less important, than handwritten manusripts
prepared by learners. We have called these handwtén
documents, “ciphering books.”

After reviewing the European background to what wecall the
“ciphering tradition,” we show how that tradition wa s translated
Into the North American colonies, and remained thedominant
Influence on mathematics teaching and learning untwell into the
nineteenth century.




Challenging Received Tradition in Relation to the hktory
of Early North American Mathematics Education

There Is a tendency to look at US mathematics edudan
practicestoday, and then to attempt to trace theirorigins. That
approach inevitably generates historical guestionsxoncerned
with textbooks, teaching methods, teaching and leamg tools,
assessment techniques, control of curriculum, inteational
performance comparisons, mathematics teacher educan,

methods for meeting the needs of individual studest etc.

But, in this paper we claim that all of those matters were no
deemed to be important by most stakeholders of school, o
college, or adult mathematics education programs ithe North
American colonies between 1607 and 1783, and in thearly
years of the United States of America. If we areotrect, then
Interesting historiographical questions arise (Parsall, 2003),
some of which we consider in this presentation.




It iIs not widely appreciated that assumptions and mactices
driving school and college mathematics today are we
different from what they were 200 years ago.

In the year 1810, most school students, in most nanhs, did
not study any mathematics at school beyond elementa
arithmetic, and most of those who did, did not stug any
algebra, geometry, or trigonometry.

Teachers did not stand at the front of the room and teac
classes of students

Most students, even those studying mathematics, didot
own, or use, a mathematics textbook.

Written examinations of any kind werenot used. Most schoo

teachers didnot have formal qualifications in mathematics.




The most potent evidence to support an authenticnvestigation
Into iImplemented curricula in early North American mathematics
education, at all levels, would have to be found ioiphering books.

“A great deal has already been said about the custo of keeping
student notebooks during this period of difficulty in obtaining books
from England and of printed books in the colonies.If all the
notebooks now hoarded by descendants of graduate$ the early
American colleges or lying neglected and forgottenn attics and
closets, if all these notebooks could be presentamithe several college
libraries or historical societies, the history of arly American
education would be greatly enriched. In these not&wks, there is
found the content and scope of the curriculum of t@ day in evidencs
that is unmistakable.” (Simons, 1936, p. 588)

“The custom of keeping notebooks for school subjestwas well-nigh
universal during the eighteenth century. One of thge subjects was
arithmetic, and arithmetic notebooks are commonly dund in libraries
and collections of Americana.” (Simons, 1924, p. 3)




Facts that are the basis of the “received traditiory

From the beginning of white settlement, published @hmetics
were brought to the North American colonies (see,.@, Cajori,

1907; Cohen, 1982; Karpinski, 1925; Middlekauff, 163;
Yeldham, 1936). At first, the texts were brought fom Europe,
but increasingly (after about 1750) they were prinéd in North
America (Kidwell, Ackerberg-Hastings, & Roberts, 2®8).

Robert Recorde’sThe Grounde of Artes, Teaching the Worke ajjd
Practise, of Arithmeticke, Both in Whole Numbers anFractions
was first published in London around 1543. A lateredition is
known to have been used at schools in Massachusetis 1653
(Karpinski, 1925, p. 174).

William Leybourn’s (1690) Cursus Mathematicuss known to
have been brought to Pennsylvania in the late 169Gy Jame
Logan (Tolles, 1956).



Commercially-published arithmetics could be foundm the
North-American colonies, especially in colleges.

There can be no doubt that parts of James Hodder'sl661),
Hodder's Arithmetick, or, that Necessary Art Made Mdsasie;
appeared in a text published in Boston in 1712, anthat the
full text of the 25" edition of Hodder’s text was published i
Boston in 1719 (see Karpinski, 1980, p. 38 and p. 41

Edmund Wingate’'s (1630)Arithmetic Made Easywas also use
In the North American colonies, as were arithmeticdy the

famous writing master, Edward Cocker — hisArithmetick and
his Decimal Arithmetick which appeared in 1678 and 1684
respectively, were used Iin the colonies. Around 102
Benjamin Franklin famously maintained that he masteed
Cocker’'s Arithmetick, on his own, after having “failed”
arithmetic at school (although, the meaning of “failed” in this
story has never been clarified).




Commercially-published mathematics texts were used

Prior to the Revolutionary War, texts published inEngland (e.g., b
Cocker, Ward, Dilworth, Bonnycastle, Fisher, Walkingame) were
Imported into the American colonies, and were presded in
colleges like Harvard and Yale.We ask, though: How much were
commercially-published texts actually used in the Birth American
colleges, and how much were they used outside thaleges?

In the 1780s there was a surge of activity in locakducational
publishing in the fledgling United States. Benjamin Dearborn’s
(1782)The Pupil’'s Guide: Being a Collection of the Mostddful Rules
of Arithmetic, which had only 16 pages, was published |
Portsmouth, New Hampshire (see Karpinski, 1980, pB81-82). Then
followed Alexander McDonald’s (1785) 102-page texthe Youth's
Assistant: Being a Plain, Easy and Comprehensiveidauto Practical
Arithmetic, published by John Trumball, of Norwich, Connecticut—
this text went through five editions between 1785mal 1795. Then
came Nicolas Pike’s (1788) famous arithmetic.




In the colleges, the ciphering tradition held sway.

Many college students purchased a mathematics texibk. For
example, a mathematics text written by John Ward ad first
published in London in 1707, was often prescribechiNorth American
colleges in the 18 century. But, it was common for students tc
generate a ciphering or mathematics notebook from dandwritten
text owned by an instructor. For example, at Harvad in the 1730s
students copied entries from a written text owned Y Isaac
Greenwood, first Hollis Professor of Mathematics (Bnons, 1924)
Ciphering books attesting to that practice are heldin the Houghton
Library at Harvard University. It was these notes, rather than any
notes in a textbook, that became the focus of regulrecitation (a one-
one “interview” situation in which a tutor checked whether a student
had memorized, and understood, the mathematics thahey had bee

According to Bellhouse (in press), there is evidercthat this reliance
on handwritten manuscripts, rather than on lecturesor books, was
found in English dissenting academies in England ithe 18" century.




To date, historians have settled for “existence prds’.: Much
more is needed before it can be assumed that textis were
widely used to facilitate appropriate learning.

Michalowicz and Howard (2003) have argued that “stdents of the
18" century rarely had a textbook,” that those who studéed arithmetic
“wrote in a ‘cipher’ book,” and that “the textbook wa s mainly for the
teacher or for individuals who were self-taught” (p.79).

Monroe (1917) quoted an educator in Boston around8IL0 as stating that
“printed arithmetics were not used in the Boston seools” until after he
left there (p. 45). Rather, teachers set “sums” fortheir pupils out of
ciphering books that they had prepared at school, rohad copied from
textbooks or from the ciphering books of other teagers. This was the
“ciphering-book period” (Monroe, 1912, pp. 5-16).

There is no doubt that in the 11, 18", and 19" centuries there was ver
little, if any, direct whole-class instruction in mathematics in North
American colleges (Cajori, 1890).




How much were commercially- published
mathematics texts used outside the colleges?

Wickersham (1886) maintained that in early schoolsin
Pennsylvania, arithmetic “was done altogether withat the aid
of books,” with “the sums being dictated by the masr and
worked out on paper” (p. 192).

Monroe (1912) claimed that throughout the eighteeit century

many pupils never saw a commercially-printed arithnetic.

Monroe (1917) maintained that “texts were not genally used
In the schools” and the method of instruction “seems$o have
been due mainly to a belief in the efficacy of thenethod of
teaching without a text” (p. 46). In other words, he best
mathematics teachers did not think about asking the students
to use a commercially-printed text. They preferred heir
students to follow the ciphering-book approach.




Might a ciphering approach have had more
educational merit than the textbook approach?

David Eugene Smith, the distinguished Columbia Tedrs College
mathematician/mathematics educator/historian, was anvinced that
the use of well-written commercially-published texbooks necessaril
enhanced learning. He seemed unable to conceive tlamteacher who
adopted a ciphering approach might, by so doing, hee facilitated
student learning more effectively than a teacher usg a whole-class
teaching approach based on a commercially publishaextbook.

From Smith’'s (1900) perspective, the abandoning ofhe ciphering
tradition in Europe and in America during the nineteenth century was
a positive development, and was a direct result dhe large influence
of Pestalozzi, who urged teachers to help learnergrapple with
“number rather than figures” (p. 85), through teacher-guided tasks
Involving real objects. Although Pestalozzi did noladvocate the use
textbooks, Smith saw textbooks as a desirable compent of this




Terminology . . .

Simons used the term “notebook” for what we shall da
“ciphering book.” In the 18™ and 19" centuries, “ciphering
book” (or “cyphering book”) was the contemporary term
(and “notebook” was rarely if ever used). Sometimeshe
term “copybook” was used, but often this referred toa

handwritten document that was not concerned with an
aspect of mathematics.

A ciphering book was a handwritten document entirg}
devoted to some branch of mathematics. It was prepad by
an individual student who was usually attending sabol, or
college, or an evening class. Often the evening &%
students were bonded apprentices.




The Phillips Library, Salem, MA, Holds the Largest
Collection of North American Ciphering Books

The finding aid developed by Gaydos and Kampos (20D9sts
192 North American ciphering books held by the Phiips
Library. These are mostly concerned with arithmetic o
navigation. Most of the ciphering books were create in New
England, and many were created in or near Salem.

In addition to the Phillips Library collection and our own
collection of US ciphering books (175 manuscripts), we haJg
examined collections of ciphering books atHarvard University
(about 80), at the University of Michigan (about 45), and at
Columbia University (about 25). We are also aware of collectiorg
at North Carolina University at Chapel Hill (approx. 50
manuscripts) and theHuguenot Historical Society(New Paltz) (25




We believe that the role of ciphering books was
fundamentally important in the early history of US
mathematics education. But ...

... the extent of usage, and the theoretical basbshind the use o
ciphering books, have been overlooked by historiansf education
(e.g., Smith & Ginsburg, 1934). In fact we believéhat we have had
the privilege of being the only scholars to examinearefully a large

number — in fact, over 500 — of extant ciphering boaok

Although Simons (1936) recognized the importance ofiphering
books, her own analyses were largely restricted taiphering books
located within Harvard University’s archives. She nade it clear
that she wished that she had been able to examindasger number
of “notebooks” (the term she used for ciphering book). Some
scholars, in writing on the history of mathematicseducation, have
hardly commented on the role of ciphering books.




1. All entries appeared as handwriting Iin Iink, or &
llustrations (which wusually had Ink outlines, and
sometimes incorporated water colors).

. The book was dedicated to setting out mathemast
definitions, rules, cases, model (or “type”) problms and
their solutions, and exercises with solutions prepad by
the person who owned the ciphering book. The bod
could be concerned with problems from arithmetic
especially in relation to business, from algebra
geometry, trigonometry, or with the application of
mathematics to navigation, surveying, militar
strategies, fortifications, etc.




Definition of a Ciphering Book (Cont’d)

3. The content was sequenced so that it became pregsively
more difficult. It also took account of the expectaon that
no child less than 10 years of age was normally agsed

the task of preparing a ciphering book.

4. Headings were prepared using calligraphic printng or
writing.

5. Standard “IRCEE” and “PCA” genres controlled what
and how entries were made. These genres will be dedd

later in this presentation.




The Ciphering Tradition — Assumptions

1. Everything written in a ciphering book should beabsolutely
correct, for the book was to become the writer's persona
reference book for later life.

2. The act of writing down correct solutions to prilems
compelled students to “reflect” on the structures ofthe problems,
and made them more likely, in the future, to be ald to identify
problems embodying such structures (Van Egmond, 193.

3. The one-on-onaecitation process, whereby a master regularl
listened to his students “talk” through mathematicsbefore they
wrote it into their ciphering books, helped studens to reflect on
their knowledge. It is likely this enhanced their understanding.

These same three assumptions also underlay what iadwn as
the “abbaco tradition,” which was imported to the cdonies in
the 17" century, from Europe.




Where did the ciphering tradition come from?

The abbacdciphering approach developed in Europe during
the period 1200-1500. It was a radical departure trm the
humanist, classical educational curriculum, In whib
mathematics was limited to classical or medieval L
mathematics — which often went little beyond the stament
and Illustration of rules for determining moveable feast
days in the church calendar

Known simply asabbacq the highly practical Italian trattato
del’ abbaco tradition was carefully recorded and
transmitted in manuscript books, of which several hndred
are known to survive.

The abbacowas the European model of higher schoc
mathematics that was translated to far-flung colores in
the 16", 17", and 18" centuries!




Leonardo de Pisaof Fibonacci Sequence Fame ...

Abbaco manuscripts have long been thought to b
abbreviated vernacular versions of the LatinLiber abbaci,
an encyclopedia of practical mathematics developedy
Leonardo de Pisa (know as “Fibonacci”). The earligsdated
manuscript of this kind is 1290. However, it is pasble that
the manuscripts originated from a more widespread alture
of commercial mathematics, known to Fibonacci

It is likely that abbacotradition existed in Provence and/o
Catalonia before reaching Italy. From the 14th to he 16th
centuries so-calledabbaco schools flourished throughout
northern Italy and, increasingly, Iin other European
nations. The Florentine schools held separate 2-ye
courses administered to boys aged 11-14. Other cistate

Integrated abbacointo their vernacular schools.




Theoretical Rationale for the Ciphering Tradition
(from Ellerton and Clements, 2009)
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The Ciphering Tradition Dominated
Mathematics Education for 500+ years

Handwritten with A handbook for
quill from a bird Life

) Ciphering
Calligraphy, Books Large size

Penmanshi
D / (about 12.5 by 8”)

“My Book”, often
on rag paper




A ciphering book would be a student’s book for
life.

In Salem, MA, for example, boys who learned navigain,
for example, might be expected to have to apply tire
skills when they assumed the responsibility of nagating
large merchant ships, or even war vessels, acroske
Atlantic Ocean or to far-way, but exotic, China, Idia,
and the Spice Islands.

It was Intended they would take their navigatio
ciphering books with them on their sea voyages, whe
they would constantly refer to them. In addition, hey
would use them as a basis for passing on technig
navigation knowledge and skills to later neophytes.




But most American ciphering books were not
concerned with navigation.

A 90-page handwritten 1797 ciphering book was prepad
by Hannah Cooke, a young girl who attended West Comon
School in Salem.

This fragile document is in the Phillips Library ciphering
book collection. Its soft marbled covers were a comon
feature of commercially available, blank ciphering books
sold in Salem from early in the 18 century.

Hannah’s ciphering book featured attractive penmankip
and calligraphic headings, and like most cipheringpooks of
the time, was solely concerned with arithmetic.




A page from
Hannah Cooke’s
1797 Ciphering

=1010] ¢

The writing In
ciphering books was
regarded as important
training. Arithmetic
was often taught by
writing masters.




Topics iIn Hannah Cooke’s 1797 Ciphering Book

In 1797, it was unusual for a girl to study such aganced topics

Four Operations, Compound
Operations Fellowship (with
and without time)

Federal Money | Hannah
Cooke’s

Ciphering -Rule of Three, Equatior
Book of Payments

Interest (Simple &

Compound) Barter, Exchange,

Rebate




Girls and ciphering books

Most historians (e.g. Cohen, 1982) have claimed th
hardly any girls prepared ciphering books, and thefew
that did, only worked on very elementary topics. Ty
emphasized that most girls prepared samplers.

However, these historians have examined only
relatively small number of ciphering books.

We have now examined between 500 and 600 cipherigic
books, and have found that between 17% and 20%
them were prepared by girls. Some (like Hanna
Cooke) dealt with comparatively difficult topics.

In mercantile communities, arithmetically-competent
girls were sought after.



From Joseph Peirce’s
1784 ciphering book
(held in Phillips Library)

The Rule of Three
(known as theGolden
Rule) was applied In

ratio and proportion
tasks.

The Rule of Threewas
vitally important in
mercantile contexts —
e.g., on the wharves of
Salem.
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Between 1700 and 1840, ciphering books were tingain
recognizable output of North American school, colleg, and
apprenticeship mathematics classes.

In most schools there were few, If any, mathematigk
textbooks. Often paper was scarce and expensive.

Within thriving mercantile centers branches of matlkematics
were often high prestige subjects. In mercantile cgers,
many apprentices studied arithmetic in evening cla®s or in
day winter classes - skilled reckoners were high
employable, and so too were young navigators andrseyors,
especially in mercantile towns.

Ciphering students were expected to prepare for @to-one
recitations with their teacher, and then to enter orrected
material into their ciphering books.




In mercantile centers most boys and many girls
prepared ciphering books.

Elementary ciphering books were prepared by childrenaged
10-13 years. They dealt with arithmetic — numerationthe four
operations, compound operations (with different masures),
money, reduction, to decimals, and finally the Rul®f Three.

Some students (both school students and apprentigggoceeded
to more advanced topics: e.g. loss & gain, bartersimple &
compound Interest, fellowship, alligation, gauging,annuities,
equation of payments, vulgar fractions, square an@ube roots,
arithmetic and geometric progressions, and permutabns and
combinations.

These topics related to events lived out daily in nmy mercantile
centers. The ciphering book became “My Book” for life.




Ichabod Nichols (1794) on Fellowship
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Fellowship tasks
concerned with calculating
fair returns on investments,
where partnerships
iInvolved.

These tasks are difficult
for  today’'s college
students!




Page from John Crowninshield’s (1789) Ciphering
Book (held in the Phillips Library)

*“How to correct the
distance given by the log
line and the half-minute
glass.”

A very practical topic:
Note the IRCEE structure
and the surprisingly high
level of mathematics
Involved.




Pages from John
Crowninshield’s (1789)
ciphering book (held In

the Phillips Library)




A page from Ebenezer Bowditch’s (1751) navigation
ciphering book (held in the Phillips Library)

There were many distinguisheg
sea captains from the various
branches of the Bowditc
family in Salem.

Nathaniel Bowditch (1773
1838), the great navigator anc
mathematician, was born into a
Salem family that had a close
affinity with all matters
concerned with the sea
Seamanship was in his blood!




In coastal mercantile centers, schools where boysuld
learn navigation were regularly advertised in local
newspapers.

From The Salem
RegisterMarch 29, 1802

Navigation ciphering
books were not usuall
prepared In Common
Schools. There was

strong navigation courseg
at Harvard College, but
many young me
studied navigation In
private evening classe
InN nearby Salem anc
Newbury-Port.




Elias Hasket Derby (1739-179¢
(from a painting by James
Frothingham (1786-1864)

Elilas Hasket Derby, at one
time reputedly North
America’s richest person,
established a school

navigation in Salem for young
seamen He hired compete
teachers, and many youn(

men availed themselves of thi
opportunity. [Phillips, J. D.
(1947). Salem and the Indies
The story of the gres
commercial era of the cit
Boston: Houghton Mifflin
Company, p. 77]




Business leaders in towns often supported a
strong mathematical push

There can be no doubt that the leading merchants ahercantile
centers, like Salem, were vitally interested in theguality of
mathematics education offered to those likely to @m®me
employees in their companies. They not only estalied and
supported local mercantile and navigational educatin classe
but also employed teachers who taught mathematico tcrew
during long journeys to the far East.

Thus, for example, a letter dated October 7, 1800nd signed by
eight leading Salem merchants (including Willlam Gay,
Nathaniel Bowditch, Jacob Crowninshield, Elias HaskeDerby,
Benjamin Hodges and Benjamin Pickman) was included ia list
of recommendations for the first edition of Walsh’s(1801), A
New System of Mercantile Arithmetic Adapted to the Coenae of
the United States.




The recommendation signed by eight ke

Salem businessmen stated:

“We the subscribers, merchants of Salem, convinceaf the necessity of
rendering the forms of business, the value of coingnd the nature of
commerce more familiar to the United States as a aumercial people,
do approve of theMercantile Arithmeticof Mr Walsh, and recommend
It as calculated to subserve in the best manner thastruction of our

youth, and the purposes of a well-informed merchant (Walsh, 1801,
P. i)

The same textbook, by Walsh (1801), carried recomandations from

subscribers in Boston and Newburyport indicating that they believed
Walsh’s book was “better calculated than any yet phlished, to fit a

youth for the business of the compting-house” (p.i). Within five years

of its initial publication, 26000 copies had beenmted.

But, there are many ciphering books held by Phillig Library, Salem,
attesting to the fact that the Walsh’s textcomplemented rather than
replaced, the ciphering approach.




Indeed, the early textbook writers did not see theselves as
trying to bring an end to the ciphering tradition. Take, for
example, the words of Francis Walkingame (1785), an
English writer whose arithmetic was widely used In

Walkingame, who described himself as described as“ariting
master and accomptant” (p.i), wrote in his Preface:

“Having some time ago drawn up a set of rules and pper
guestions, with their answers annexed for the usef any own
school, | found them by experience of infinite usefor when a
master takes upon him that laborious (though neceasy)
method of writing out the rules and questions in tle children’s
books, he must either be toiling and slaving himsglafter the
toil of the day is over, to get ready the books fothe next day, or
else he must lose that time which would be much ket spent in
Instructing and opening the minds of his pupils. ..




Walkingame (1785) (cont’d)

“... There was, however, still an inconvenience which hiered
them from giving me the satisfaction | at first exgcted; I.e.,
where there are several boys in a class, some oneother must
wait till the boy who first has the book, finisheswriting out
those rules or questions he wants; which detains ¢hothers from
making that progress they otherwise might, had theya proper

book of rules and examples for each; to remedy whig | was
prompted to compile one, in order to have it print&, that might
not only be of use to my own school, but to suchhwrs as would

Walkingame clearly saw the textbook as an aid thatould
complement and improve the ciphering tradition. Thee was nc
guestion, in his mind, of doing away with ciphering In the U.S.,
the ciphering tradition would reign supreme until the1840s.




Many 20" century historians, with their “looking

backwards” historiographical slant on education hisory,
have completely missed, or under-estimated the
educational power of the ciphering approach. Conskr,
for example, the power of regular recitation

Culter and Stone (1913) listed many advantages dié recitation:

e [t identified what the student had and had not leaned.
o It provided a 1-1 forum for identifying and correcting mistakes.
e It provided a 1-1 forum in which the teacher heard,and could

correct, a student’s language.

e It guided the teacher on what should be taught next

oIt gave the teacher a profile of the cognitive andaffective
progress of each of his/her students.

e It provided motivation for students to learn thoroughly.
 Students heard other students talking about mathentes.

Such advantages have been overlooked by most modetholars.
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the Butler Library (Columbia University), and
the Clements Library (University of Michigan).
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